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Abstract 

We present an illustrative application of the two famous Mathematical Theorems in 
Manifolds in , namely: The Hadamard Theorem on the characterization of convex 
hypersurfaces in and the well-known Brower fixed point Theorem - in order to show 
the existence of periodic orbits with an arbitrary given period for a class of Hamiltonian 
systems. This mathematical result sheds some light on the old mathematical question of 
existence of periodic orbits in the A^-body problem in Classical Mechanics. 

1 Elementary may be deep - T. Kato 

One of the most fascinating study in Classical - Astronomical Mechanics is that one related to 
the inquiry on how energetic-positions configurations in a given mechanical dynamical system 
can lead to periodic systems trajectories for any given period T, a question of basic importance 
on the problem of the existence of planetary systems around stars in Dynamical Astronomy 

([I])- 

In this short note we intend to given a mathematical characterization of a class of A^- 
particle Hamiltonian systems possesing intrinsically the above mentioned property of periodic 
trajectories for any given period T, a result which is obtained by an elementary and illustrative 
application of the famous Brower fixed point theorem. 

As a consequence of this mathematical result we conjecture that the solution of existence of 
periodic orbits in Classical Mechanics of A^-body systems moving through gravitation should 
be searched with the present status of our Mathematical Knowlegdment. 

Let us, thus, start our note by considering a Hamiltonian function = H{z'^) G 



C°°{R^^) of a system of AT-particles set on motion in R^. Let us suppose that the Hessian 
matrix determinant associated to the given Hamiltonian is a positive-definite matrix in the 
{6N — 1) -dimensional energy-constant phase space = {x^,P^) of our given Mechanical system 



dz^dz 



> (1-a) 

H{z')=E 



In the simple case of A^-particles with unity mass and a positive two-body interaction with 
a potential V{\xi — x^p), such that the set in i?", {x^ \ V{x'^) < E} is a bounded set for 
every E > Our condition eq.(l-a) takes a form involving only the configurations variables 
{{xP}p=i,...,N\ xP e Namely 

\\MM^P})\\>Q (1-b) 

with 

N 
i<j 

+ 2V'{\xi - Xj\^){Sik - Sjk){Sis - Sj,))] (1-c) 

The class of mechanical systems given by eq.(l-b)/eq.(l-c) is such that the energy-constant 
hypersurface H{z^) — E has always a positive Gaussian curvature and - as a straightforward 
consequence of the Hadamard Theorem - such energy-constant hypersurface is a convex set of 
R^^ , besides of obviously being a compact set. As a result of the above made remarks, we can 
see that our mechanical phase space is a convex-compact set of R^^ . 

The motion equations of the particles of our given Hamiltonian system is given by 

dx\t) OH 



dt dp^ 
df{t) dH 



x\tlp\t)) (2) 
{x\t)J{t)) 



dt dx"^ 

with the initial conditions belonging to our phase space of constant energy He = {{x^,P^)] 
1-L{x\p'') = E}, namely: 

{x\to),p\to))enE (3) 

The existence of periodic solutions of the system of ordinary differential equations eq.(2)- 
eq.(3); for any given period T e i?+ is a consequence of the fact that the Poincare recurrent 
application associated to the (global) solutions eq.(2) of the given mechanical system. Note 
that H{x'{t),p'{t)) = E 

P-.Ue^Ue (4) 
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{x%),p%))^{x\T),p'{T)) 

has always a fixed point as a consequence of tlie application of the Brower fixed point theorem 
([3]). This means that there exists always initials conditions in the phase space eq.(3) that 
produces a periodic trajectory of any period T in our considered class of mechanical A^-particle 
systems. 

As a physical consequence, we can see that the existence of planetary systems around stars 
may be not a rare physical astronomical event, but just a consequence of the mathematical 
description of the nature laws and the fundamental theorems of Differential Topology and 
Geometry in . 
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